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I. IHTRODUCTIOH 
An important device in electronic applications is the frequency 
divider. Best known for its use in the television synchronizing 
generator, it is also used in radar applications and is indispensable 
in electronic computers. For that reason many different varieties 
have been designed. 
Any frequency divider is simply a device with subharmonic re­
sponse, which means that the output frequency of the divider circuit 
is exactly an integral submultiple of the driving frequency. Stoker 
points out that subharmonic response can occur only in a nonlinear 
system,^ The fact that subharmonic oscillations can occur has been 
known for many years, and the first frequency dividers were simple 
locked oscillators. These original looked oscillator dividers de­
pended upon the nonlinear characteristics of the vacuum tubes used. 
Those nonlinear characteristics varied from tube to tube and were de­
pendent upon other circuit parameters such as filament and plate 
voltage. The result was that the locked oscillator divider was un­
stable. The instability of the locked oscillator divider coupled with 
tremendous improvements in pulse techniques caused it to be superseded 
O 
by pulse type frequency dividers.'' 
Although the pulse type dividers were an improvement over the 
original locked oscillators, many of the original disadvantages were 
still present# Closely regulated power supplies were req^uired, and 
the dividing action was still dependent upon the individual tube 
nonlinear characteristics. In addition, the pulse type dividers 
operated with special waveforas and required occasional adjustment as 
the tube in the divider aged. The range over which the driving 
frequency could be varied was limited, and the highest frequency 
at which a pulse type divider could be made to operate was lower 
than was sometimes desirable* 
The charaoteristics of an ideal frequency dividing circuit can 
be enumerated as follows: 
It should require no special waveform. 
It should be independent of random tube changes. 
It should rarely, if ever, require adjustment. 
It should require no special plate voltage regulation. 
It should not lose synchronizsition over a reasonably wide 
range of frequency input. 
The principle of operation should be applicable at several 
megacycles as well as at audio frequencies. 
It should not lose synchroniza,tion over wide ranges of signS;! 
input voltage amplitudes* 
It seems plausible that if the dependence upon tube nonlinearity 
of the locked oscillator divider could be replaced by a dependence on 
an external nonlinear passive element, the stability of the divider 
might be improved. In that manner the random nonlinearity of the tube 
and its dependence on other parameter variations would be practically 
eliminated. This is the type of an element that Dr. E, J, Duffin 
- 3 •• 
chooses to call ''reliable*'.^ 
It is the objective of this thesis to investigate the stabilization 
of certain types of looked oscillator dividers that employ passive 
nonlinear elements. In order to be of practical value, it should be 
possible to design stable divider circuits that will divide by any prime 
number between one and ten. That is, there must be stable divider 
circuits that will divide by the numbers 2, S, 5, and 7. Each of these 
fotir prime numbers requires a slightly different circuit. Therefore 
both analytical and experimental evidence will be presented for each 
individual circuit. 
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II. EX&CT SOLUTION OF A CIKCUIT DESIGMED TO DIVIDE BY TID 
To design a circuit that will divide an input frequency by two, 
it is convenient to consider the following fundamental trigonometric 
identity. 
2 + sin fiat • j 9/2 + 4 sin cot - l/2 cos 2 ®t > (l) 
The derivation of this identity is given in Appendix A. 
An electric analog of this function could be constructed with 
cturent generators feeding a nonlinear element with a volt-ampere 
characteristic described by 
i/s 
E - K i (2) 
The equivalent circuit of that analog is shown in Figure 1. The 
equation governing the circuit is 
¥ - -K J t (S) 
where ij^^ represents an alternating current Ij, sin mt 
ij8 represents an alternating current -Ig cos Stat 
ig represents a direct current Ig. 
To be a perfect analog, idle following must be true: 
- Sj lal 
la - 9 |lg| . 
In the actual circuit, the current generators contributing the 
periodic components are 6M5's. The direct current component is con­
tributed by the static plate current of one of the 61£5*8. The shunt 
plate conductances of both 6AE5's are not considered in this analysis. 
They represent two very low admittances in parallel with the nonlinear 
element and for all practical purposes they can be ignored. 
The -Ig cos 2 ©t is produced by applying a grid voltage of 
Bg cos 2 at to one of the 6AK5*s. This gives an alternating current 
of gniPa 2 ©t. The sin cat could be produced by applying a grid 
voltage of sin ©t to the other 6AK5. This voltage is actually 
obtained by passing the output voltage through an LC phase shifting 
network and feeding a snail portion of it back to the second 6AK5 grid. 
Thus the second 6M5 and the phase shifting network form an oscillator 
with a natural angular velocity reasonably close to 
1 
^ " pa • 
That this is not exactly the natural angular velocity will be shown 
later. The d-c component of the output voltage is lost in the phase 
shifting network. The complete equivalent circuit is shown in Figure 
2. The actual circuit is given in Figure 3. The component values of 
Figure 3 will give an angular velocity of « x 10^ radians per second 
or a frequency of 5000 ops. Again, this is not the natural frequency 
of oscillation. The IjC network gives a phase shift of 180 degrees at 
5000 cps. k is the fraction of the network output voltage that is 
fed back. Therefore k must be equal to or less than unity. 
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In this circuit, three thyrite disos (0.E. No. K8396832-4) in 
series were used for the nonlinear element. It was found that this 
combination had very nearly the desired oharacteristio, A value of K 
equal to 458 was found by a least squares approximation analysis of 
the experimentally obtained volt-ampere oharacteristio. See Appendix 
B for the least squares analysis and comparison curves. 
It must be shown that the circuit modified with a feedback loop 
can still represent the trigonometrie identity. The equation for 
voltage output oan be written 
It can be shown by means of simultaneous linear differential 
equations that if the input voltage of the phase shifting network is 
V, the output voltage is given by the following expression. (See 
Appendix C). 
(4) 
where eg^^ • k x (output voltage of phase shifting network) 
®gs " 2 aft. 
c' ^ 
Ihere p is the differential operator •jg'. 
The grid voltage on the oscillator 6AK5 is given by 
(6) 
«7 -
KvC 
Figure 1* iSqtiivalent Circuit of Analog 
G C/2 C 
Figure Zt Equivalent Circuit With Feedback Loop 
10 h 0.1 af 2000 uuf 1000 uuf 200&fa££f 
M-gure 3t Actual Circuit 
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The complete system equation can now be written as 
, (• . qwfX A ygf / 
It will be noted that the loading effect of the phase shifting 
network on the output voltage has been ignored. The network was 
designed to have a driving point impedance of 500,000 ohms which can 
be neglected without introducing any appreciable error. 
If the equivalent circuit if Figure 2 is to represent the original 
identity, equation (?) must have an exact solution of the form 
" Vo + sin mt (s) 
in which 
Vo « 2 ¥i. (9) 
It is shown in Appendix C that the output voltage of the phase 
shifting network for an input voltage of the form in equation (8) is 
v. 
where 
oot 4- B, (10) 
3, - C^L' 
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Substituting equation (10 into (7) giires 
J . (12) 
Equation (12) is more readily solved when it is squared. 
X. 
J2. zC ^ 2.
Equation (IS) is valid if 
L'-RoO^A, 1/| _ 
K'^ CirA-^ O^ L^ 'koO^  B,Vt _ , 
TTT^  - ^  V| 
(16) 
(17) 
a 
% 
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If the solution is to be anything but trivial, equation (14) 
requires that 
Ax - 4C®L®<o'^ - 6CI<»® + 2-0 
or 
1 1 
® " {w' fsir * 
The second root is not considered further simply because the syst^a 
was designed to have an operating angular velocity given by the first 
root. 
In the three remaining condition equations, (15), (16), and (17), 
there are five variables. They are VQ, ®s» Since the 
three equations are assumed independent, it is convenient to fix two 
of the variables. Let 
Eg " -0.2 volt, Vo • 
It is known that 
K » 458 L » 0.506 h 
gjj • 5000 n mhos R • 0.5 megohm. 
C « 2000 \k\if 
It is now possible to find the values of VQ, V^, I3, k, and to. 
They are 
Vo - -40.96 -TOlts 
Yx " -20.48 volts 
Ig = 9 ma 
k » 0.0781 
® - 31,400. 
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If the variables have these values, the circuit of Figure 2 is 
a perfect analog of the original trigonometric function. The output 
voltage is 
Y » -40.96 - 20.48 sin 31,400 t. (18) 
The driving voltage is 
®g2 • oos 2 X 51,400 t. 
The circuit of Figure 2, then, is actually a frequency divider. The 
input is a 10,OCK> ops cosine wave, and the output is a 5000 ops sine 
wave. 
Experimentally, the output voltage was found to have a -40 volt 
d-c component and an 18 volt a-c component for an input frequency of 
10,000 ops. The experimental waveform for an output frequency of 
5000 cps is shown in Figure 4. Its measured percentage of harmonic 
content was 1.3 percent. It is reasonable to say that the output is 
V - -40 - 18 sin 31,400 t. (19) 
It should be said that ttoe most important feature of equation 
(19) is the reasonably close agreement between the calculated and 
experimental ratio of Vg and Yx' absolute value of YQ or is 
misleading because by adjusting plate voltage it is possible to set 
either YQ or (but not both) to the exact calculated value. 
To show that the correct phase relationship can exist between the 
driving voltage and the output voltage, it is convenient to use 
Lissajou patterns. Figure 5 shows -cos 2 sot as the abscissa plotted 
against sin act as the ordinate. Figure 6 is a photograph of the 
- 12 -
Lissajou pattern olitained when the driving voltage was used for hori­
zontal deflection and the output voltage for vertical deflection. The 
driving frequency was adjusted to very nearly (hut not exactly) twice 
the natural frequency of oscillation to obtain Figiare 6. This will 
be discussed later. 
In the actual circuit, it was possible to vary the input driving 
voltage from 0.05 volts to 1.6 volts, the plate voltage from 60 to 300 
volts, and the driving ftequenoy approximately plus or minus 12 percent 
without losing the two to one synchronization ratio of the two frequen­
cies. It was not possible to find any 6M5 that would check satis­
factorily on a tube tester and would not work and be perfectly stable 
in this oirouit. Sn»ll variations in output voltage were the only 
visible effects of tube changes. In the worst case, this variation 
was under plus or minus 10 percent. Since the operation of one of the 
6AK5's is relatively independent of the operation of the other, there 
is no need to match tubes. It was not possible to find any random 
combination of reasonably good tubes that would not work perfectly 
satisfactorily together. The frequency of oscillation is set by the 
feedback network characteristics. Therefore, when that frequency is 
established there should be no further need for adjustment. 
Prom the precedii:^ information, it would seem that for this 
circuit the requirements for an ideal frequency dividing circuit are 
fulfilled reasonably well. Ho high frequency investigations were made 
with this circuit, but there is little reason to believe that it would 
Figure -4* Oatput Wav«form 
Figure 5* Theoretical lAssajou Pattern 
Figure 61 Escperljoental Lissajou Pattern 
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not operate satisfactorily if a suitable nonlinear element could be 
obtained. This problem is discussed more thoroughly in the circuit 
that is designed to divide by three. 
- 15 -
III. LOCKIHG EMGE IHmTIGATIOI OF CIECUII 
DBSIGSED TO SIVI13E BY TID 
In the preceding analysis, the system equation was solved for 
only one value of angular velocity. Experimentally, it was observed 
that the driving frequency could be varied over a considerable range 
without losing a synchronization ratio of two to one. In the analysis 
that follows, it will be attempted to indicate the behavior of this 
circuit when the driving frequency is varied several hundred cycles 
both above and below 10,000 cps. 
Consider equation (7), the complete system differential equation. 
(7) 
To be useful, the circuit must have a periodic output represented by 
a Fourier series of the form 
cO 
Appendix C shows that if ¥ is given by equation (20), the output 
(20) 
- 16 
Toltage of the phase shifting network is given by 
•O 
1 C 
Zli V /- 1^^ /3, 
<^=1 ^ ' (21) 
•where 
€cL(McSf 4- a. 
(22) 
(28)  
Substituting this into eqmtion (?) gives 
•*-/ 
(24) 
Equation (24) is exact. However, it is obviously impossible to 
obtain a general solution. It jaay be possible, however, to obtain 
an approximate solution by neglecting all hanaonics above the second.'^ 
That is, assume that 1 is given approximately by 
- 17 -
I < 
There is no rigorous mathematical justification for this approximation. 
Experimentally, however, it was observed that harmonies above the 
second were quite small for frequencies within two hundred cycles of 
6000 ops. therefore, it seemed logical to make the above approximation 
in an attempt to correlate to some extent the experimental and 
analytical results of a locking rai^e investigation. 
It is again more convenient to work with the algebraic equation 
squared. 
K "h K. -^ 3 
77f 
. (26) 
It is shown in Appendix D that if the assumed approximation for 
V, equation (25), is substituted into equation (26), the result is 
- 18 -
V = -i-
+• ^  - ^  C^^ujt + a!" + ,^4cot 
 ^Vo ^ ( U} C "f" ^  ^0 CO^  coi: 
+ AVq V3 at<?t"-faV^, Vi| Cera ^ urt 
f Va. '<J^ «3U7^ r-V, l^ C<?03£jt \/j i/j 
+- V, V^  /O/uhS- v^ , )/^ Miitc't •+ 14.1^ 3 3 
+ AiMuft \/a.l/^  
-1- \4.\/^ oocJitr -f- 1/3 1^ A^4t<)'t' 
- K. K 
+ rk(/»,c®tfi+ V, e, fi^ <d- li 
Ai +" ^ 
(27) 
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If by some chance the approximation for Y given by equation (25) 
happened to be an exact solution, it would be necessary that the 
following equations have at least one simultaneous solution in which 
all the variables were real. These equations were obtained, as before, 
by equating coefficients of like sine and cosine terms. 
\ y =•. ^ V, ^ i/d ^ ^ T 
a Vo V, - V, +V, V = 
^ / .a 
(28) 
u r -7 
(29) 
(80) 
aVoV, + ]/]/ = 3a 
(31) 
(32) 
Vj + ^  ^  (53) 
""V*^ = 
- 20 -
(35) 
(36) 
Equations (35) and (36) obviously require that for an exact 
solution 
- 0 (37) 
If equation (37) holds, then equation (3l) reduces to 
V, V;, = O (38) 
From this, Yg is zero, and the only exact solution is the same one 
that was obtained before. It holds only for an angular Telocity of 
31,400 radians per second. Apparently there is no other exact 
solution with negligible higher harmonies. 
If Vg, ¥4, and Vg are zero at an angular Telocity of 31,400 radians 
per second, however, it seems reasonable to assume that they are small 
at angular velocities near 31,^0 radians per second. It is probably 
erroneous to attempt to get any information for different angular 
velocities from equations (25) eind (36) because the original approxi­
mation had no sin 4 tat or cos 4 tot terms. Equations (33) and (34) may 
be a little more reliable. They arise from the sin 3 eat and cos 3 ajt 
terms. In an investigation that is concerned only with an even 
- 21 
multiple of the fundamental angular velocity, it might be expected that 
these coefficients are at least very close to zero. 
This is pure speculation, of course, and any justification that 
it might hare will have to come from correlation between the analytical 
results obtained by it and experimental e-ridence. Multiply equation 
(3S) by Vg and equation (34) by ¥4. 
Experimentally, it is known that the second harmonic has a small 
but finite value. The only other possibility is that Vg is zero. 
Physically, if the approximation is worth anything, this means that 
Vg H»y be very small for soigular velocities close to 31,4(X) radians 
per second. If is considered to be zero, equations (28) to (32) 
Adding these equations gives 
(39) 
become 
(40) 
(41) 
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3 , z \ /  = K I 
3 Al'-+(i,^ 
ay,V3 V.-.e,- " 
^^6^4" + 
32K|«^CV«10'^  
' M ^ = r;<^i 
/ i .  ^- 1 -  « r  • ' *  ' 4  
(44) 
Equation (42) makes it possible to calculate Vg for any given 
value of angular velocity. Also, from equations (41) aind (43) 
and 
^ V o-v^-4- A,=^-f-e,»-
, Y 1/ 
(45) 
(46) 
Eliminating ?o by equating the right hand expressions of equations 
(45) and (46) gives 
,/ Wl «"1 
23 
Prom aquation (47), ¥4 can be written as 
v.-
2 3 2. r r 
K < ^ A c  L  H c o  "" 
35.^ 00*^/42, (48) 
By substituting the value of ¥3 given by equation (41) into the 
denominator of equation (48), the expression for ¥4 can be made a 
little simpler, giving 
l-IiSi /9, 
•+-
ga g|*) 
(49) 
From equations (42) and (49), and V4 are calculated for 
several values of angular velocity around 31,400 radians per second. 
The final values of Vg and ¥4 are given in Table 1, page 25. The 
results of the necessary intermediate calculations are given in 
Appendix E. 
Equation (41) can be rewritten as 
V. = 
1 
(60) 
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Since the value of V4 is known for certain values of angular velocity, 
it is possible to find the value of Yq ^or the same values of angular 
velocity. These values of Vg are given in Table 1. 
It will be noticed from Table 1 that Yg and ¥4 both are zero 
when the angular velocity equals 31,400 radians per second. This is 
necessary fer the linear solution previously attained. In that linear 
solution, it is known that at an angular velocity of 31,400 radians 
per second 
Ig is the static plate current of one of the 6AK5*s, and only a-c 
for any value of angulsir velocity. This is actually a boundary 
condition. Now equation (40) can be written as 
It is now possible to solve for Vj for the given values of angular 
velocity. They are given in Table 1. 
Since Yg, and Y^ are known, it is possible to calculate the 
percentage harmonic content of the output for various values of 
angular velocity or frequency. 
(51) 
voltages are applied to its grid. Consequently K^Ig remains constant 
2. 
(S2) 
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Table 1 
Calculated Voltages 
m f 
^0 Va ^4 
26,690 4250 -54.29 VjL® negative -2.92 +8.34 
28,260 4500 -45.54 negative -1.30 +1.295 
29,830 4750 -42.30 -14.03 -0.542 -0.614 
30,144 480®' -41.93 -16.10 -0.424 -0.664 
30,468 4850 -41.63 -17.62 -0.310 -0.624 
30,772 4900 -41.37 -18.78 -0.201 -0.494 
31,086 4950 -41.15 -19.74 -0.096 -0.275 
31,243 4976 -41.04 -20.16 -0.041 -0.127 
31,400 5000 -40.96 -20.48 0 0 
31,657 5025 -40.78 -21.40 +0.060 +0.213 
31,714 5050 -40.77 -21.26 +0.149 +0.431 
32,028 5100 -40.63 -21.75 +0.217 +0.892 
32,3^ 5150 -40.46 -22.32 +0.320 +1.505 
32,656 5200 -40.32 -22.80 +0.425 +2.19 
32,970 5250 -40.17 -23.26 +0.530 +2.97 
34,540 5500 -39.24 -24.90 +1.100 +8.58 
36,110 5750 -37.59 -25.20 +1.780 +17.60 
«• 26 " 
100\!va® + ¥4® 
Percentage Second Harmonic Content » 4 / ' 
(V3.® + Vg® + V4®) 
(53) 
The first coliran of Table 2 contains the results of percentage 
harmonic content calculations for the selected values of angular 
velocity. The percentage second hanaonic content was measured ex­
perimentally for the various values of singular velocity. The results 
are given in the second coliann of Table 2. It will be noticed that a 
miniHium value of second harmoaio content equal to 1.3 percent occurs 
at an angular velocity of 31,400 radians per second. It could not 
have been expected that this experimental value would be zero. Even 
in a supposedly linear circuit there must be some distortion because 
it is impossible to obtain perfectly linear components. If the 
original approximation is reasonably valid, however, it mi^t be ex­
pected that the experimental variation of second harmonic content 
with a change in angular velocity would have a form similar to that 
of the calculated variation. Figure 7 contains a comparison plot of 
calculated and experimental values of second harmonic content for 
various values of 1.3 percent was subtracted from each experi­
mental value of second hamonic content percentage so that the curves 
would be superimposed at 31,400 radians per second. That point was 
chosen because it is the only value of & at which the system differ­
ential equation is exactly satisfied. It must be said that the 
experimental values of second harmonic content varied widely from 
\ 
Tabid 2 
Experimental and Calculated Values of Hazm>nic Content 
f on Calculated 
percentage 
of seoond 
harmonio 
Experimental 
percentage 
of seoond 
harmonie 
Experimental 
percentage 
minus 1«3 
percent 
Experimental 
percentage 
of third 
harmonic 
4750 29,8S) 5.84^ 7.9^ 6.6% 5.^ 
4800 30,144 4.87^ 5.4^ 4.1% 1.5% 
4850 50,458 3.95^ 3«3^ 2% 1.03% 
4900 30,772 2.8^ 2.8^ 1.5% 0.67% 
4950 31,086 1.475^ 2.3% 1% 0.52% 
4975 31,243 0.6^ 1.6^ 0,0, 0.46% 
5000 31,400 0^ 1.^ 0.3^ 
5025 31,557 1.0^ 1.3% 0.46% 
5050 31,714 2.15^ 2.3% 1% 0.46% 
5100 32,028 4.22^ 4.9% 3.6% 0.98% 
5150 32,342 8.225? 5.9% 4.6% 1.55% 
5200 32,656 9.74^ 7.4% 6.1% 1.7(^ 
5250 32,970 12.95$ 9.7% 8.4% 3.88% 
-26 « 
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tube to tube and for mall changes of plAte voltage. The values given 
hold only for one tube and one plate voltage. The curves resulting 
from different sets of readings all had the same shape and were pro­
portioned similarly. The resulting curves are therefore good for 
comparison even though they are quantitatively undependable, 
It will be noticed that Table 2 also contains the experimentally 
measured percentage of third harmonic content. The instrument that 
was used was not capable of measuring any hamonics higher than the 
third. The third harmonic varies with <o in a manner similar to the 
•variation of the second harmonic although it is quantitatively less. 
Nevertheless, the approximation eliminating all harmonics above the 
second was in error to some extent. An investigation of Figure 7 
leads to the same conclusion. The calculated curves are very nearly 
straight lines while the experimental curves have reasonably gentle 
changes of slope. 
It is significant that both curves follow the same trends. The 
second hamonic content approaches zero more slowly below 31,400 
radians per second than it does above in each case. The fact that 
the calculated curves approach straight lines probably indicates that 
the origiml approximation was not extensive enough to reveal tifeie 
higher order variations of harmonic content. This, in turn, leads to 
the possibility that higher order harmonios do exist in magnitude too 
great to be ignored for quantitative purposes. It can certainly be 
said, however, that the approximation is adequate to indicate some of 
the characteristics of circuit behavior. 
- so -
Angular velocities above 32,970 radians per second and below 
29,830 radians per second were not considered. The reason for 
ignoring them was the fact that experimental and calculated results 
became so divergent that the approximation was obviously inadequate 
in those extended regions. 
A further indication that higher harmonies than the second do 
exist in appreciable quantities can be obtained from a comparison 
of the experimental and calculated variations of the amplitude of 
the fundamental frequency component. Figure 8 gives this comparison. 
It can be seen that the experimental value of Vj, drops more rapidly 
than the calculated value as the driving frequency becomes farther 
and farther removed from that required for the exact solution. Since 
the total rms output voltage, also shown in Figure 8, does not drop 
as rapidly in percentage as the fundamental component, it can 
only be concluded that harmonic content, including harmonics above 
the second, increase more rapidly than the original approximation 
would indicate. 
Thus far the magnitude of the grid driving voltage. Eg, has been 
ignored. If Eg is calculated for each value of ce and Eg is then 
plotted against «a, the resulting curve should be the locus of Eg that 
gives the lowest content of harmonics above the second in the output 
voltage. To m&ke these calculations, it is convenient to multiply 
equation (43) by ¥4 and equation (44) by Vg. 
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(54) 
» 3^ 4^ " /\^ + 1^  A;,\4 +41/3 (55) 
Subtractii^ equation (54) from equation (55) and dividing by 
\ / ^  
A- .CT 3aKVH^A"V«c?^a. n 
V3 gives 
(66) 
By .ubstitutiog equation (42) f„r 7^ tho Ust t,™ ,an b, .implified. 
\/ ^  
The above equation can be solved for Eg as shoim below. 
(57) 
('+Ae/)A, P3-^\4J 
(58) 
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The calculated value of Eg for each value of is given in the 
first column of Table 3. The sscond column of Table 3 gives the ex­
perimentally measured values of Eg. Theoretically, the experimental 
readings of Eg should have been for minimvaa harmonic content. It was 
found that the wave analyzer was very erratic when adjustments were 
being made on the external circuit. It was impossible to find a value 
of Eg that would show a minimum of siny harmonic on the wave analyzer. 
As soon as enough driving voltage was applied to give a stable 
locking action the wave analyzer would become stable but the hamonic 
content would simply increase with an increase of driving voltage. 
Therefore, the value of Eg that was recorded was the lowest value that 
gave a stable locking action. 
Two curves comparing the calculated and experimental absolute 
values of Eg are given in Figure 9. It is interesting to note that 
both curves reach a minimum about 40 ops below 5000 cps. Analytically, 
this is the point at which changes polarity. Since Eg must be zero 
at that point, it follows that the natural frequency of oscillation 
is established. The natural frequency of oscillation is, of course, 
the frequency of the system liien there is no driving ftinotion. These 
results imply that the oscillator will choose a natural frequency of 
oscillation at which the harmonic content of the output will be at a 
minimum. This is consistent with the findings of Groszkowski.® 
Suppose the system is adjusted to give the exact solution by obtaining 
the Lissajou pattern of Figure 6. If the driving function is then 
removed, the output frequency drops approximately 40 cps. The 
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Table 3. 
Calculated and Experimental Values of Eg 
f m Eg Ea 
4760 29,830 1.01 0.64 
4800 30,144 0.76 0.42 
4850 30,458 0.52 0.26 
4900 30,772 0.28 0.099 
4950 31,086 0.016 0.049 
4975 31,243 0.099 0.12 
5000 31,400 0.20 0.18 
5025 31,557 0.358 0.23 
5050 31,714 0.512 0.27 
5100 32,028 0.733 0.« 
5150 32,342 1.05 0.50 
5200 32,656 1.36 0.62 
5250 32,970 1.66 0.78 
experimental evidence, therefore, tends to justify the calculations 
of Eg. The natural frequency of oscillation in this nonlinear system, 
then, is not the frequency at which the network gives a 180 degree 
phase shift. If the nonlinear element were replaced with a resistor, 
a solution of liie resulting linear differential equation would lead to 
a natural frequency of 5000 cps. This phenosidnon can be demonstrated 
in another way. Sxperimsntally, the value of Eg is set at sonie reason­
able value with a driving frequency of 10,0€I0 cps. This means that the 
output frequency is 5000 cps. If the driving frequency is then varied 
above and below its original value, the synchronisation ratio is lost 
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much Bior® rapidly above 10,000 ops than it is below. 
The calculated values of fall in reasonably straight lines. 
This is probably due to the limited approximation as before. 
It is difficult to make any quantitative conclusions from the 
preceding approximate analysis. At best, it serves to indicate the 
trends of circuit operation. It is probably reasonable to say, 
however, that considerable insight has been gained into the operation 
of the circuit through its use. 
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IV. EXACT SOLUTION OF A OIECUIT DESIGNED 
TO DITIEE BY THRBB 
In order to design a circuit to diidde a given frequency by 
three, it is convenient to consider a second fuadainental trigonoraetric 
identity. That identity is 
(59) 
The above identity is derived in Appendix F. 
j^ain an electrical analog describi):^ the function can be de­
signed, In this case there is no direct current component. The 
nonlinear element volt-ampere characteristic must be described by 
E « Ki^^® (60) 
The equivalent circuit of the analog would be as shoim in 
Figure 10. The equation governing the circuit is 
7 - -K(ij. + ig)*/® (61) 
where ij^^ represents an alternating current I^, cos est 
ig represents an alternating current Ig oos3ttt. 
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Also, to be a perfect analog it is required that 
Ix - 3Is. 
Again in the actual circuit, the cxurrent generators are 6AK5*s. 
Since there is no d-c component, it is necessary to shunt feed both 
tubes. The Ig cos 3 <»t is produced by applying a grid voltage of 
Eg cos 3 ist to one of the 6AK5's. The other 6AK5, in combination 
with an EC feedback network, forms an oscillator to provide the 
cos set. Figure 11 gives the modified equivalent circuit, and 
Figure 12 gives the actual circuit. 
An RC network was used instead of an LC network merely because 
it was easier to obtain. An IC network was used in the previous 
analysis because the attenuation in an KC network was too great to 
allow oscillation n^en used with nonlinear elements that were readily 
available. 
For the modified equivalent circuit of Figure 11, equation (61) 
becomes 
Shunt plate conductances and loading effects of the phase 
shifting network are again ignored. It is shown in Appendix G that 
for any given voltage T, the output voltage of the EC network is 
(62) 
in which eg^^ » k x (output voltage of RC feedback network) 
" Sg, COS 3 • 
40 -
\lottt ~ I Sf> •(-
where p is again the differential operator The complete 
differential equation becomes 
In this equation, it is more convenient to work with the equation 
oubed. 
3 , 3  /  
w . 
If equation (65) is to represent the trigonometric identity of 
equation (59), it must have a solution of the form 
Y ' Ix ®os <at. (66) 
It is shown in Appendix G that the output voltage of the RC network 
for an input voltage of the form of equation (66) is 
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6 CorCL.^  (- (67) 
where ^ , ~) 
, Lju _ I 
l\ i^K'c' (68)  
Therefore, when equation (66) is substituted into the differential 
equation (65), the resulting trigonometric equation is 
lc&<L3C0t f- 3Cif<L iVt 
4 L (69) 
Equation (69) is valid only if the following conditions are met. 
K ^  ^ (70) 
fi") f K V ^ 3 ^ (n) 
3V,' 
4 
If the solution is to be anything but trivial, equation (70) 
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requires that 
A •« 0 
or 
(7S) 
In this circuit as in the previous one, the perfect solution can 
exist for only one value of <a. 
It is necessary to arbitrarily choose one variable. It is most 
convenient to choose Eg equal to 0.2 volts. Equation (71) can now 
be solved for as shown below. 
If is known, equation (72) can be solved for the value of the 
feedback coefficient k. 
In this circuit, a Western Electric Taristor (Ho. D156709) in 
series with a 1500 oh® linear resistor comprised the nonlinear 
element. It is shown in Appendix H that this combination gives a 
value of K equal to 182.5. A least squares fit of the experimeatally 
obtained volt-ampere charaoteristic was used to determina this value 
(74) 
(75) 
of K. 
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It is kBoim that 
K " 182.5 
R " 130«000 ohms 
C » 100 i*fif 
Sm " 5000 {1 shos 
Therefore, from epilations (7S), (74), and (75), it is possible to 
oorapxxbe the values of <a, and k« fhey are given below. 
m " 31,400 radians per second 
7^ • -28.9 volts 
k » 0.49 
The Toltage output of the eireuit ean be mritten as 
? - -28,9 eos 31,400 t (76) 
for an input voltage of 
9gX • 0»2 cos S X 31,400 t. 
This circuit is actually a three to on® frequency divider with 
a sinusoidal output of exactly 5000 eps for a sinusoidal input of 
15,000 ops. 
Experimentally, '^e output voltage is 
7 » -30 cos 31,400 t. (77) 
A photograph of the output waveform is shown in Figure 13. 
In the actual circuit, it was possible to vary the driving 
voltage from 0.003 volts to 2.0 volts, the plate voltage from 75 to 
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300 volts, and the input frequency plus or minus 10 percent without 
losing a synchronization ratio of three to one. It was not possible 
to find any combination of reasonably good tubes that would not work 
perfectly in this circuit. Mo matching of tubes was required. This 
circuit, then, also fulfills most of the requirements for an ideal 
frequency dividing circuit. 
Lissajou patterns are useful in detennining some of the charac­
teristics of the circuit. If the phase relationships in the actual 
circuit are the same as those in the original trigonometric identity, 
a Lissajou pattern of the driving voltage plotted horizontally 
against the output voltage plotted vertically would be as shown in 
Figure 14. Experimentally, this condition can be duplicated as 
shown in Figure 15. It is interesting to note that iiiien the driving 
voltage is removed, the output frequency decreases approximately 
200 cps. In this circuit also, the natural frequency of oscillation 
and the frequency at which the network gives a 180 degree phase 
shift are not the same. 
Theoretically, the looking range of this circuit might be 
analyzed by assuming the first few terms of a Fourier Series as a 
solution and obtaining condition equations as before. This pro­
cedure was attempted. The resulting condition equations are given 
in Appendix I for reference. It was assumed that all even harmonics 
were negligible and that the principal components of the output 
voltage were the first and the third harmonics. There may be some 
readily obtainable simultaneous solution to these equations that 
" 0  "  
Hgtur® 131 Otttpat Waveform 
Figure 14» Theoretioal Lissajou Plattem 
Flgore 151 Ibqjedriiaental Llssajou Batt^na 
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will lead to correlation between analytical and experimental data. 
That solution was not found. The major difficulty in their solution 
is the fact that the cubing process makes the coefficients of the 
•various sines and cosines quite unwieldly. It certainly cannot be 
said, however, that all avenues of approach were exteusted. If it 
were required to solve them, reasonable solutions could probably be 
obtained in time. 
Figure 16 gives the curves of experimentally obtained percentage 
of second and third harmonic content plotted against the driving 
frequency. Both harmonics reach a minimum at 5000 ops as would be 
expected. The relative magnitudes of second and third harmonic 
content certainly justify an approximation ignoring the second 
harmonic. 
An interesting phenomenon was encountered in connection with 
the exact analysis of the circuit designed to divide by three. In 
the analysis, the loading effect of the phase shifting network was 
ignored. It is shown in Appendix J that the phase shifting network 
presents an impedance of 
Zap = 108,000 - j352,000 (78) 
or an admittance of 
Yjip - 0.796 x 10""® + j2.6 x 10"®. (79) 
These expressions are for the network alone and have nothing to do 
with the rest of the system which is nonlinear. Both the impedance 
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and the admittance are calculated at 5000 ops. It is necessary to 
hare a shunt inductance in the circuit to provide a d-c path for the 
static plate currents. It would seem ad-santageous, therefore, to 
choose tlmt value of inductance to resonate with the phase shifting 
network at 5000 ops. The combination would then present a resistive 
impedance of 
i » 1,255,000 ohms. (80) 
0.796 X 10'° 
This would be true only at 5000 cps, but at that frequency the output 
is essentially a perfect sine wave and the preceding equations are 
valid. The inductance that would be required is given by 
L i r » 12.2 henries. (81) 
31,400 X 2.6 X 10"° 
When the first experimental circuit was built, an inductance of 
approximately 12 henries was used as the inductance in series with 
the plate circuits. The inductance was of the iron core variety, but 
the inductance of 12 henries was present "s^en a direct current of ap­
proximately 20 milliamperes was passii^ through it. This was the 
value of the static plate current of both tubes. It was expected 
that the natural frequency of oscillation would be reasonably close 
to 5000 cps. It was approximately 3500 cps. The output waveform of 
the natural oscillation was very smooth with a small amount of third 
harmonic. There were no sharp breaks in the waveform indicating tube 
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saturation. It was noticed, however, that when the nonlinear element 
was removed and the feedback coefficient was reduced to give a reason­
ably good sine wave, the natural frequency of oscillation changed to 
approximately 5000 ops. The nonlinear element was then replaced and 
the inductance decreased until the natural frequency of oscillation 
was 5000 ops. The value of inductance obtained was 0.6 henry. Ap­
parently, the nonlinear element had the effect of a capacitor as well 
as a nonlinear resistor. Whether or not there actually is a ca-
pacitive component in the impedance of the nonlinear element is an 
open question. The phenomenon may be due entirely to the nonlinear 
resistive characteristic. It was necessary, nevertheless, to decrease 
the inductance to 0.6 henry to obtain experimental agreement with the 
results of the differential equation. 
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¥. M EXPEEIMSFTAL HIGH FRlQUEieY DIVIDING CIRCUIT 
It has been mentioned that any ideal frequency divider should 
be able to function at frequencies much higher than the ordinary 
audio range. A circuit designed to divide a frequency of approxi­
mately three megacycles by three was constructed. The principle of 
operation of this circuit is the same as that of the two frequency 
dividing circuits previously discussed. At the higher frequency it 
was convenient to use an L0 phase shifting network. The circuit for 
the high frequency divider is given in figure 17. It was not known 
what capacitive effect the nonlinear element might have, but it was 
reasonably certain that it would have some. Therefore, the input 
capacitor normally used in this type of network was excluded and the 
nonlinear element was put in its place. The natural frequency of 
oscillation was 0.83 megacycle. The circuit would lock very well 
with an input frequency of around 2,5 megacycles. It was possible 
to vary the driving frequsQcy plus or minus 25 kilocycles without 
losing a synchronization ratio of three to one. The circuit was not 
critical with variations in either driving voltage or plate voltage. 
A photograph of the Lissajou pattern obtained by connecting the 
driving voltage and output voltage to the deflection plates of a 
cathode ray tube is shown in Figxure 18. 
This is by no means a complete analysis of the possibilities of 
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the dividing circuit at high frequencies. The circuit was built 
merely to see if there were any unknown factors that would make such 
a frequency dividing circuit inoperative at high frequencies. No 
such problems were encountered. The locking range was not as wide 
as might have been desired. No extended effort was made to improve 
it, however, and it cannot be said without further investigation 
that a high frequency circuit of this type must have a narrow 
looking range. 
5S -• 
VI, ANALYSIS OF A CIRCUIT DESISHED TO DIVIDE BY FIVE 
The fundamental trigonometric identity for a circuit to divide 
a given frequency by five is 
This identity is derived in Appendix K« 
The circuit employed to divide the input frequency by five is 
shown in Figure 19. It consists of two 6AK5 current generators 
feeding a nonlinear element with a volt-ampere characteristic 
described by 
A fraction of the voltage across the above nonlinear element is tapped 
by means of a high resistance voltage divider and fed to the grids of 
a 6J6 dual tridde connected in parallel. This fraction is k« The 6J6 
forms a voltage generator feeding a second nonlinear element in series 
with a small linear resistor. The actual element in series with the 
small linear resistor will henceforth be referred to as the second 
nonlinear element. In parallel with the second nonlinear element is a 
parallel LC circuit. The volt-ampere characteristic of the second 
nonlinear element is given by 
'/t 
(82) 
E - K, -6 . (83) 
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B » (84) 
fhe voltage across the small linear resistor is fed back to one of 
the current generators to complete the oscillator loop. 
The circuit defies exact mathematical analysis. Some insight 
can be gained into its operation, howerer, by consideration of the 
required feedback signal. Before tlmt explanation is presented it 
is necessary to consider the plate circuit of the 6J6. The parallel 
1X3 circuit is resonant at &>. Its function is merely to establish the 
natural frequency of oscillation very nearly at se/Eu. From the 
results of the preceding analyses, it could not be expected that the 
natural frequency would be exactly m/Ztt. Since the parallel LC 
combination is resonant at co, it presents a very high impedance 
across the second nonlinear element and can be ignored in an algebraic 
analysis, 
It may seem unreasonable to assume that the parallel circuit can 
establish the natural frequency of oscillation and still not enter 
into the algebraic calculations once the natural frequency is es­
tablished. It can be shown that this is possible in a linear system, 
however, and it is hoped that the approximation can be made for a 
similar nonlinear system without too much error. 
Suppose that all of the nonlinear elements in the circuit of 
Figure 19 are approximated by linear resistors. The equivalent 
circuit of the oscillator section with the linear approximations is 
- 55— 
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given in Figure 20. The shunt plate conductance of the current 
generator is ignored in Figure 20. The voltage generator is changed 
to a current generator by Norton's Theorem and the plate shunt re­
sistance of the voltage generator is considered lumped in the resistor 
Eg. The shunt effect of the voltage divider is ignored. Under these 
conditions, the grid voltage of the voltage generator is given by 
(85) 
The node equation for the voltage generator portion of the 
circuit is 
t 
K 
from which 
\l - -
The grid voltage of the current generator is given by 
= 4 \ / =  -
Equation (88) can be written as 
O 
(86)  
(87) 
(88) 
(89) 
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Equations (85) and (89) are two equations in two unknowns describing 
the linear circuit of Figure 20. They can be written together as a 
system of equations. 
^^1 ^i) ^§2 - ^  . (90) 
The criterion for oscillation is that the system determinant be equal 
to zero. 
- o 
^ /?/ 
Equation (91) can be broken into two equations. 
^ 1 ^ 1  : r  
(91) 
(92) 
(^tOC"^ col) — O (9S) 
Equation (93) requires that the natural frequency of oscillation be 
the resonant frequency of the parallel LC circuit. Equation (92) 
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could be used to determine other criteria for a perfectly linear 
oscillation, but it is of no use in this discussion to carry the 
linear analysis any further. Since the IC combination presents an 
infinite impedance at the natural frequency of oscillation even 
though it establishes that frequency, it can be assumed that all of 
the current Ig passes through Ig. 
It has been shown that the IC combination establishes the 
natxaral frequency of oscillation of the linear approximation at its 
resonant frequency. In the nonlinear system, then, there is reason 
to hope that the natural frequency of oscillation is close enough to 
the resonant frequency of the LC combination that its impedance can 
be ignored compared to the effect of the second nonlinear element. 
For this statement to have any meaning, of course, the voltage across 
the second nonlinear element and the IC circuit must be reasonably 
free of harmonics. 
When the circuit is dividing by five, the cos 5 tot is provided 
by the first 6AK5 current generator. This tube has a grid voltage 
egg of S5 cos 5 fat. Assume for the moment that a reasonably good 
cosine voltage wave cos <»t is present at point A of Figure 19. 
The voltage between point A and ground is the output voltage of this 
circuit. A fraction of this cosine wave is applied to the grid of 
the paralleled 6J6. 
®S6J6 " ^  
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The 6J6 forms a voltage generator with an internal plate resistance 
idiioh will now be considered negligible compared to the effect of the 
second nonlinear element. The voltage applied to the second nonlinear 
element is 
1 • {A k cos ®t (95) 
where |i is the amplification factor of the paralleled 6J6. The volt-
ampere characteristic of the second nonlinear el^ent is given by 
equation (84). The current through the second nonlinear element is 
given by 
Ki y 
CtXL 
S'oJt + S'coo.3tJi •*-1 OC«<Lujt 
(96) 
Here it is asstaaed that all of the current passes through the second 
nonlinear element. The grid voltage of the second 6AK5 is the voltage 
across the series linear resistor R and is given by 
CooSiit.+^ ctra3e<:ft+lo<us>t£it (97) 
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The current contributed by the second 6AK5 current generator is 
It remains to adjust k to give the right amplitudes to the eos tot and 
cos 3 aft terms. It is noticed that there is also an unwanted cos 5 oot 
term because the one required has already been contributed by the 
first 6M5. This might be removed by a series resonant circuit in the 
feedback loop, but in practice it seemed to have little effect on the 
operation of the circuit. 
In the actual circuit, the first nonlinear element is a Western 
Electric Yaristor (No, D1567Q9). The second nonlinear element consists 
of four Varistors (No. D156709) and a 2200 ohm linear resistor all in 
series. It is shown in Appendix L that and Kg have the following 
values. Least squares approximations from experimental data were 
" 67.5 Kg - 251 
again used to obtain these constants. 
It is necessary to choose arbitrarily the maximum amplitude of 
one of the con^onent currents flowing through the first nonlinear 
element. For convenience, the cos 5 cot component is chosen to be 0.25 
milliampare maximum. Since the transconductance of a 6AK5 is 5000 
micromhos, this establishes the grid driving voltage maximum, E5, at 
0.05 volts. If the relative magnitudes of equation (82) are to hold, 
it is required that the other components have the following magnitudes. 
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Ifeximuia amplitude of cos 3 asb component 1.85 milliamperes (99) 
Maximum amplitude of cos at component 2.5 milliamperes (lOO) 
It is known that 
E » 2200 ohms 
gm = 5000 mhos 
\i - S8. 
The n of the two paralleled triodes equals the ji of one of them if 
the plate resistances are ignored in comparison with the second non­
linear element.® If the correct phase relationships exist, all of the 
cosine components will reach a positive (or negative) peak at the same 
time. Therefore, the maximum current through the first nonlinear 
eleront is 
0.25 a» + 1,25 ma + 2.5 ma » 4 m. (lOl) 
It was assumed that the voltage at point A was a reasonably good 
cosine wave. Therefore, the value of is 
^31 • % ijaax^^® - S7.5 x (0,004)^^^ - 22.6 volts. (102) 
The output voltage can then be expressed as 
T » -22.6 cos <»it. (103) 
From equations (98) and (lOO), it can be seen that the maximum 
amplitude of the cos 3 cot current component is given by 
^ !• ^ (104) 
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Equation (104) can be solved for k. The result is 
k » 0.061. (105) 
It is now possible to see that to assuBie a cosine wave at point A is 
reasonable. To obtain a cosine wave of voltage across the first 
nonlinear element, it is necessary that the current through the 
element be 
ima • 0.25 cos 5 cet + 1,25 cos S ®t + 2,5 cos <ot. (106) 
On the other hand, if 
I5 " 0.05 volt 
and (107) 
" -22.6 cos at 
then the current produced in the first nonlinear element is 
ijaa • 0»5 cos 5 ©t + 1.25 cos 3 cat + 2.5 cos tot. (108) 
Since equations (106) and (108) are almost the same, something close 
to a cosine wave should appear at A. There is more current at the 
driving frequency than is needed which indicates that there will 
probably be a little fifth harmonic visible in the output waveform. 
The amplitude of the excess current is less than ten percent of the 
total cxirrent, however, and might be overlooked. 
It is interesting to note that a perfect cosine wave at A will 
reproduce a perfect cosine wave at that point. Therefore, the 
natural oscillation should be reasonably sinusoidal. 
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The -values of L and C were set to give a natural frequency of 
approximately 5000 ops. Experimentally, the peak value of the output 
voltage was 18 volts. For division by five, it is possible to vary 
the input frequency plus or minus 6 percent. It was possible to vary 
plate voltage plus or minus 15 volts and the input driving voltage 
from 0»03 to 0.12 volts. The circuit operation was not affected by 
random tube dianges. It can be seen that this circuit is considerably 
more sensitive thsui the preceding circuits. It is to be expected, of 
course, that circuit sensitivity to parameter changes will increase 
as the division ra€io increases, nevertheless, the stability of this 
divider is not unfavorable in comparison with that of pulse type 
divider circuits. It is hoped that its stability may be further 
improved in the future. 
Figure 21 shows the Lissajou pattern obtained '!idien the circuit 
is dividing by five. Figure 22 is the output waveform of the divider 
with a driving voltage, E5 of 0,05 volt. The excess fifth harmonic 
is readily seen. Figure 23 is the output wave form with a driving 
voltage. Eg, of 0.10 volt. The relative relationship between the 
fundamental frequency and the driving frequency is readily seen. The 
sinusoidal nature of the natural oscillation is shown in Figure 24. 
The action of the second nonlinear element in producing odd 
cosine harmonica is seen in Figures 25 and 26. Figure 25 shows the 
current wave through the element when a sine wave of voltage is 
applied to it. Figure 26 shows the ciwrent wave through the element 
when the circuit is actually in operation. 
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Figor® 21: Ilssajou Battern for Division "her Five 
Figure 22: Output Waveform for 0#05 volt 
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Figure 231 Output Waveform for s 0.10 volt 
.R^  
• • / » * ' 
Pigtire 241 Wavefona of Free Oacillation 
•• 66 •» 
Jlgare 251 Otcrrent Bespoase of Smosd Scmllnear ELesaent to a 
Sine Wave 
Figaro 261 Ctweat Soeond Noalinear Elment Daring 
Dividing Operation 
VII. BRIEF MALISIS OP A CIRCUIT DESIGISD TO DIVIDE BY SEVEN 
The trigonometric identity for a circuit to divide a given 
This identity is derived in Appendix M. 
The circuit employed to divide the input frequency by seven is 
the saime as that used to divide by five except for the volt-ampere 
characteristics of the nonlinear elements. The new nonlinear 
characteristics must be described by the following equations. 
The explanation is almost the same as before. It is necessai^' 
to assume that the output voltage is a reasonably good cosine wave. 
The voltage applied to the second nonlinear element is 
(109) 
E " i (first Nonlinear Element) (no) 
(Second Nonlinear Element) (111) 
E « k Vj^ cos fisffc# (112) 
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The current through the second nonlinear element is 
l-V- ^ 
K :  
' ' Ca<Ly wt" 
^2. 
(«f) coolidr-l-lctas-tii-t-l-^ ilctaicoi: -t-SS'CtOUit 
(lis) 
The grid voltage of the second 6AK5 is given by 
V  
35"elicit 
(114) 
The current contributed by the second 6AK5 to the first nonlinear 
element is 
C^7a)" 
(115) 
It remains to adjust k to give the right amplitudes to the cos 5 ajt. 
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cos S iot, and cos <ot terms. The dii.ying voltage would be By oos 7 «ot. 
There is an unwanted cos 7 at term in this case. 
Actually, this circuit was not built. No nonlinear elements with 
the desired characteristic were readily available although they might 
have been approximated with combinations of nonlinear elements sind 
linear resistors. It was found, however, timt the circuit designed 
to divide by five would successfully divide by seven without clmnging 
nonlinear elements. It was possible to vary plate voltage plus or 
minus 15 volts and the input frequency plus or minus 3 percent. The 
driving voltage could be varied from 0.01 volt to 0.04 volt. Figure 
27 is the Lissajou pattern obtained when the oirouit was dividing by 
seven. Figure 28 shows the output waveform. The driving voltage was 
adjusted to make the seventh harmonic prominent. 
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Figure 27s Lissajou Battem for Division Ijiy Seven 
i 
Figure 281 Output Wavefonn for Division by Seven 
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VIII. DISCUSSION OF EXPERIMENTAL PROCEDURE 
It has probably been noticed that all of the frequency dividing 
circuits are somewhat similar. Instead of building each circuit 
individually, a master circuit was built. Plate and grid circuits 
were brought to a Cannon plug. It was then possible to plug in the 
nonlinear elements and feedback networks for each individual 
frequency dividing circuit. 
Figure 29 shows the master chassis with tubes in place. 
Figure 30 shows several of the plug in elements. Figure 31 shows the 
master chassis with one of the feedback networks in place. 
In all of the experimental work, the plate voltage power supply 
was a simple full wave rectifier system with no form of voltage 
regulation. A General Radio wide range oscillator (Type 700-A) was 
used as a driving voltage source. A Dumont oscilloscope (Type 208) 
was used to obtain all waveforms and Lissajou patterns. A standard 
Dumont oscillograph camera (Type 271-A) was used to obtain the 
waveform photographs. A General Radio waveform analyzer (Type 736-A) 
was used to obtain the harmonic content readings. Figure 32 shows 
the experimental arrangement of the test equipment with the master 
chassis. 
Experimentally, all of the dividing circuits except the high 
frequency circuit would divide by any integer between one and ten. 
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In all eases« however, the most stable subdivision was the one for 
which the individual counting circuit was designed. It would seem 
that the primary criterion for subharmonio oscillations to exist is 
merely that there be some form of nonlinearity in the system. 
Nevertheless, the locked oscillator divider is really stable only 
when the type of nonlinearity is controlled with reasonable care. 
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Figure 291 Master Chassis With Tubes in Place 
Figure 301 Plug-in Hesaents 
Pi^ir© 31T Master Chassis With Feedback Ketwork in P1AO» 
Figure 32t Esperimental Arran^eiaent 
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IX. CONCLUSIOl 
The characteristics of a perfect frequency divider were outlined 
in the introduction. With the exception of the high frequency 
circuit, the circuits designed to divide by two and three leave little 
to be desired. The experimental high frequency dividing circuit seemed 
to indicate that the principle shows promise at high frequencies. 
The stability of the circuits designed to divide by five and 
seven is good compared to that of pulse type counters, but it falls 
short of the ideal conditions. It should be remembered that it was 
not the purpose of this investigation to produce the final design of 
the frequency dividing circuits. The purpose was to determine the 
feasibility of using nonlinear elements to stabilize the locked 
oscillator divider. 
Probably the most serious obstacle encountered in the investi­
gation was the difficulty of obtaining suitable nonlinear elements. 
The capacitive effect of the Yaristor was probably a limiting factor 
in the operation of the high frequency dividing circuit. Continued 
research in nonlinear circuits should help to remove that obstacle. 
Jihether or not tlw locked oscillator divider is suitable for 
many applications remains to be seen. It certainly shows a great 
deal of promise. 
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APPEHDIX A 
DeriTation of Equation (l) 
s=. 4 + 4  ^"tj -h A>ci^  C-O "Zf" 
- 4^   ^  ^C,Cr<LSlurt 
" -H A^^ oXt Cirt-S?^ "^  a 
(a -h u)i^   ^  ^  ^^ a.<:c)lt 
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APPEIDIX B 
Least Squares Approxiiaation for Honlinear Element 
In Circuit Designed to Divide by Two 
It is required to fit a ourve of experimental readings to the 
form 
l/n 
B - KI ' . 
In this application, n is an integer fixed hy the individual problem. 
In general, the experimental readings are given in tabular form and 
are simply a large ntmber of d-o voltage and current readings. For 
any given set of readings 
Ili Eg, la; In, 1^  
the sum of the squares of the deviations from the best possible curve 
fit to the given form is 
/H r- .y -1 ^  
S = / L [ £ ^ - K r / - ]  
The sum is a minimum when 
or 
/M. 
2 = ° 
- S l ­
it is possible to solve for the value of K that will give the curve 
closest to the experimental <iata by substituting the experimental data 
into the above equation. This is the equation that is used in all of 
the least sqtmres approximations that follow. 
Table 4 
Data for Least Squares Fit of Three General 
Electric Thyrite Disos (Ho. K83968S2-4) in Series 
Bk Ik 
19.2 1 ma 0.0516 0.606 
26.0 2 ma 0.0447 1.120 
29.2 5 ma 0.0548 1.600 
55 4 ma 0.0652 2.080 
55.9 5 ma 0.0707 2.540 
58.2 6 ma 0.0775 2.960 
40.8 7 ma 0.0857 5.420 
42.6 8 ma 0.0894 5.810 
44 9 ma 0.0949 4.170 
45.2 10 ma 0.1000 4.520 
46.5 11 ma 0.1050 4.880 
48.1 12 ma 0.1090 5.250 
49.5 15 ma 0.1140 5.640 
51.0 14 ma 0.1180 6.020 
52.5 15 ma 0.1220 6.400 
120 X 10"2 55.016 
K - — .1 - 458 
120 X 10 ® 
The dotted curve on the following page is obtained from the above value 
of K. The solid curve is obtained from the experimental data* 
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Figure 331 Canparison Curves for Data of Table 4. 
83 
APPETOIX C 
Derivatioa of Equations (5), (10), and (21) 
Consider the feedback network alone with earrents assumed as 
shown. 
c C/^  
I,  ^=1 ' '3 
'L / KL <R 
The spmetrioal operator equations are 
0 - -Lpix + (2Lp + - I'Pifl 
0 • Oix - Lpig + (j^ P a 
If the above equations are solved for i^ , the result is 
, a a 
3^ = 
 ^Sh- J—E S—I- • g-
--g^ T-c 
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The output voltage is given by 
Consider the response of the network to a sine wave of voltage 
of the form 
s^n-l fist. 
The OTjtpiit voltage oan be written as 
u \ cfL'-R -f 
C cV/ f-+A c/?/o+a 
c V/e|o'^ 4c^  
lJ 
- r, , , 
— r r ~ }  k^ coo.yyii'^ -^ B^ Aui'M'Jt 
n/iA 4- / M ^
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where 
By an exactly similar process, it can be shomi that the response to a 
cosine wave of voltage of the form 
# 
Tgjj cos n <at 
, -c3z.'/ei^ ^ 7 
Since the feedback network itself is linear, its response to a Fourier 
series of the fom 
06^  r 
Vo V Ctrd/ytej-t 
/A^ I 
is given by 
-y' 
This is equation (21). Equation (lO) is the case in which all of 
the coefficients of ttie Fourier series are zero except 
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APPENDIX D 
Derivation of Equation (27) 
If V is given by 
o^ * ^ 2 ®o® 2 asfe + ?4 cos 2 est 
7® is 
Yo® + sin® art! + Yg® cos® a>t + Yg® sin® 2 oA 
+ Y4®eos® 2 cot + 2 YgY^  ^sin ®t + 2 Y^ V® cos t&b 
* 2 YgYg sin 2 at •<• 2 YqY4 eos 2 esfc 
+ 2 Yj^ Y^g sin ftst cos est + 2 Y^ Yg sin eat sin 2 «£ft 
+ 2 Y^ Y^  sin (fit cos 2 mi; * 2 YgYg cos ast sin 2 c^ t 
2 YgY^  cos £cit cos 2^ *2 Y3Y4 sin 2 ect cos 2 <i)t. 
This oan be simplified to 
vo» > oo» 2. If! 00.2 <.t. 
2 2 2 2 2 
s^® . •94® Y48 
-  c o s 4 <at + —+ —— cos 4 ftjb + 2 YgY^  sin at 
+ 2 YgYg cos flst + 2 YgYg sin 2 ®t + 2 YQY4 eos 2 osb 
+ Y^ Yg sin 2 fisfe - Y^ Yg eos S osfc + Yj^ Yg eos est 
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+ 3 40% - sin «t + VgTg sin 3 oait: 
+ TgVg sin arti + ¥^ ¥4 00s S ©t + YgV4 cos est 
+ Y374 sin 4 ffit. 
From Appendix B, it esca be shown that the feedback network response 
to the voltage V is 
-s , 5 
cos + Y^ Bx sin 
- sin ajfti + TgB^  cos ocffc 
[- ] 
+ cos 2 6yb + YgBg sin 2 ost 
Aa + Bg L 
~ sin 2 ffifc + "V^ Bg cos 2 
If these last two expressions are substituted into equation (26), 
the result is equation (27). 
APPEHDIX S 
Intermediate Calculations for Looking Range Investigation 
Table 5 
Intermediate Calculations and Values of Unknowns 
m f Ajg Ba A8®+B/ ^o ^3 ^4 
29,830 4750 -0.1527 -23.600 556.98 32,39 33.68 2183.63 -42.30 -14.03 -0.542 -0.614 
30,144 48011 -0.1281 -25.108 630.42 34.16 49.11 3578.56 -41.93 -16.10 -0.424 -0.664 
30,458 4850 -0.1001 -26.622 708.74 35,99 65.73 5616.19 -41.63 -17.62 -0.310 -0.624 
30,772 4900 -0.0690 -28.154 792.66 37.89 83.58 8421.67 -41.37 -18.78 -0.201 -0.494 
31,086 4950 -0.0343 -29.699 882.03 39.86 102.75 12145.56 -41.15 -19.74 -0.095 -0.275 
31,243 4975 -0.0151 -30.482 929.15 40.87 112.82 14398.87 -41.04 -20.15 -0.041 -0.127 
31,400 5000 0 -31.266 977.56 41.90 123.22 16937.89 -40.96 -20.48 0 0 
31,557 5025 0.0236 -32.083 1029.32 42.95 132.98 19526.98 -40.78 -21.40 +0.060 +0.213 
31,714 5050 0.0455 -32.843 1078.66 44.01 145.14 23003.31 -40.77 -21.25 +0.149 +0.431 
32,028 5100 0.0908 -34.427 1185.23 46.20 168.48 30518.66 -40.63 -21.75 +0.217 +0.892 
32,342 5150 0.1400 —36.023 1297.68 48.46 193.35 39733.37 -40.46 -22.32 +0.320 +1.505 
32,656 5200 0.1930 -37.627 1415.82 50.79 219.78 50882.97 -40.32 -22.80 +0.425 +2.19 
32,970 5250 0.2501 -39.244 1540.17 53.21 248.36 64515.00 -40.17 -23.25 +0.530 +2.97 
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AH^ HDIX F 
Deri-vat ion of Equation (59) 
Ctr^  3 3 CerQ. cutj 
4  
4- . e + e. 
+ o 
^ u-i: 
2. 
— d<d t 
r Ccr<L 
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Aprnmix a 
Derivation of Eqoations (65) and (67) 
Consider the feedback network with otirrents assumed as shown. 
C C c 
The s^ nsmetrieal operator eqiiations are 
+^3^1 
O =/,[o] 
If the above equations are solved for ig, the result is 
^ 3  =  
4f- +• I3rr- + 
The output voltage is given by 
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Consider "bhe response of •the network to a cosine wave of voltage 
of tlw form 
Vj 008 fiSfe. 
The output voltage can be written as 
\l c&<u CO ir 
V, cd^  u>-tr 
where 
=- •». i e- - e 
Xs2 f _ e"'"" 
C A--^6 
\ ^ t  c c r o u j t  
fi -
I £<i3^ 
Rc 
8 = 
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APPINDIX H 
Least Sqimres Approxination for Nomliaear Sleasnt 
in Circuit Designed to Diride by Three 
Table 6 
Data for Least Squares Pit of Western Electric Varistor 
(No. D156709) in Series with a 15(X) Ohm Linear Eesistor 
Efc Ik Ik®/® 
12.8 0.26 ma 0,0629 0,00396 0,805 
16.1 0.5 ma 0.0792 0.00628 1.195 
16.9 0.75 ma 0.0907 0.00822 1.63 
18.1 1.0 ma 0.1000 0.0100 1.81 
20.0 1.25 ma 0.1076 0.0116 2.15 
20.9 1.6 ma 0.1143 0.0131 2.39 
21.9 1.75 ma 0.1203 0.0145 2.64 
22.85 2.0 ma 0.1258 0.0158 2,87 
23.8 2.25 ma 0.1307 0.0171 3.11 
24.3 2.5 ma 0.1354 0.0183 3,29 
25.1 2.75 ma 0.1398 0.0195 3,50 
26.0 3.0 ma 0.1440 0.0207 3.75 
26.8 3.25 ma 0.1479 0.0219 3.96 
27,3 3.5 ma 0.1516 0.0230 4.14 
28.1 3.75 ma 0.1552 0.0241 4.36 
28.8 4.0 ma 0.1685 0.0251 4.57 
29.5 4.25 ma 0.1617 0.0261 4.77 
30.1 4.5 ma 0.1648 0.0272 4.96 
30.9 4.75 ma 0.1679 0.0281 5.18 
31,6 5.0 ma 0.1707 0.0291 5.40 
0.3636 66,37 
K - » 182.5 
03636 
The dotted curve on the following page is obtained from the above value 
of K. The solid curve is obtained from the experimental data. 
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Figure 34« Conq>arisoa Curves for Data of Table 6 
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APPENDIX I 
Condition Equations for Locking Range Investigation 
of Circuit Designed to Divide by Three 
+ 
gV,V,V4 
4 
3V/l^  
3V-V Vk 
~r 
_ 6 V^V<^3 
r  g w + AIV  ]  
_ 3 // 4- ^  J. 
l! + 
 ^ 4  ^— 
, 6 >1^1^ . 3 /3 ^ 4^  
f 4 4-
- 'iv'' 3K^ l/k  ^
 ^ -f- +• 4  ^  ^  ^
CA ^,+-63^4 
A3=^ g/ 
=+\(a.V3-,3. 1/,14 
A^= {^ > -
B^ --
\/= V e««-w't + \l^ /uvtvSt ^ V^ cooH-^  -t- V^ /iMtzcotr 
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APPEIDIX J 
Derivation of Bq^ uations (78) and (79) 
Consider the circuit of Appendix 6. The sysaiaetrioal equations 
for a steady state ^ inalysis are 
o Z X, [-R."] 4-1  ^[^ R--4-X] +X3 [-R] 
o=r,[o] 
The system deteminant is 
A = -R a-R-jX 
0 
O 
- (?. 
According to Bode's notation, the driving point impedance is 
"^ -|p A. 
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Making the proper substitutions and simplifying gives 
("sR'-x')- 4^ f^X 
For the given values of E eind C, the driviiog point impedance becomes 
The driving point adaittance can be found from the above expression. 
It is 
z O.T^C^IO -+-^  3, . 
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APPBHDIX K 
Deri'vatioa of Equation (82) 
4- S' CD-0 -F lOCerO 
e + e +re; -^ s-^  -h loej^ ioes^  
re^ ''+ 
/s 
3a 
I I -Jeot -d3art-
3 x 1  ^  t / c ? e ^  +  r e ' ^  ^  
:r 
— d-trQ^  oytj 
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APEiHDIX L 
Least Squares Approximtions for Nonlinear Elements 
in Circuit Designed to Divide by Fire 
Table 7 
Data for Least Squares Fit of Western Ileotrie 
Varistor (No. 0156709) Alone 
0.0361 
0.0480 
0.0561 
0.0629 
0.0691 
0.0740 
0.0789 
0.0835 
0.0870 
0.0912 
0.0942 
0.0979 
0.1010 
0.1040 
0.1070 
0.1100 
0.1120 
0.1155 
0.1175 
0.1205 
1.7664 119.29 
Ek Ik Ijf ' 
12.2 0.25 ma 0.19 
14.1 0.50 aa 0.219 
15.7 0.75 ma 0.237 
16.7 1.0 ma 0.251 
17.8 1.25 ma 0.263 
18.2 1.5 ma 0.272 
19.0 1.75 ma 0.281 
19.4 2.0 ma 0.289 
20.0 2.25 ma 0.295 
20.5 2.5 ma 0.302 
20.9 2.75 0.307 
21.1 3.0 ma 0.313 
21.6 3.25 ma 0.318 
22.0 3.5 ma 0.323 
22.2 3.75 ma 0.327 
22.5 4.0 ma 0.332 
22.8 4.25 ma 0.335 
23.0 4.5 ma 0.340 
23.3 4.75 ma 0.343 
23.7 5.0 ma 0.347 
. 119:^  . 
 ^1.7664 
The dotted curve on the following page is obtained from t^ e above value 
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of K4. The solid otirTe is obtained from the ezperiraental data. 
fable 8 
Data for Least Sqwres Fit of Pour Western Eleotric Varistors 
(Ho* 1)156709) and a 2200 Ohm Linear Besistor All in Series 
% Ik Ik*'''® 
50 0.5 ma 0.219 0.0480 10.95 
54 0.75 ma 0.237 0.0561 12.80 
58 1.0 ma 0.251 0.0629 14.55 
63 1.25 ma 0.263 0.0691 16.55 
65 1.5 ma 0.272 0.0740 17.70 
67 1.75 ma 0.281 0.0789 18.80 
70 2.0 ma 0.289 0.0835 20.20 
73 2.25 ma 0.295 0.0870 21.50 
75 2.5 ma 0.302 0.0912 22.70 
77 2.75 ma 0.307 0.0942 23.60 
78 3.0 ma 0.313 0.0979 24.40 
80 3.25 saa 0.318 0.1010 25.40 
82 3.5 ma 0.323 0.1040 26.50 
84 3.75 ma 0.327 0.1070 27.50 
86 4.0 ma 0.332 0.1100 28.50 
87 4.25 OA 0.335 0.1120 29.10 
88 4.5 ma 0.340 0.1155 29.90 
91 4.75 ma 0.343 0.1175 31.20 
93 5.0 ma 0.347 0.1205 32.30 
1.7303 434.15 
• 251 
1.7303 
fhe dotted eurve on the following page is obtained 
-value of Kg. The solid curve is obtained from the 
from the above 
experimental data. 
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APPENDIX M 
I 
Derivation of Equation (109) 
c<^ 7wt4-7c«Drdjt+Alc^ 3^a;"t 4- ZS'ccc cot 
'/ 
j_ 
11? 
e +e +76. +76. +aie-i-aie + are +5re 
Coo co~t 
